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Abstract. In this paper, we prove the boundedness of Riesz transforms dj(— A) -1 / 2 
(j = 1,2, ■ ■ ■ , n) on the Q-type spaces Qq(R"). As an application, we get the 
well-posedness and regularity of the quasi-geostrophic equation with initial 
data in Q^" 1 ^ 2 ). 



1. Introduction 

In this paper, we consider the boundedness of Riesz transforms on the space 
Q^(R"), which was introduced in [18] and defined as the set of all measurable 
functions with 

sup(Z(/))--«+ jf jf ^-JS +2 dxdy < oo 

with the supremum being taken over all cubes / with the edge length 1(1) and the 
edges parallel to the coordinate axes in R™. For (3=1, the space Q^(R") becomes 
the classical space Q a (M. n ) defined by the following norm: 

This space was first introduced by M. Essen, S. Janson, L. Peng and J. Xiao in 
[TU] , As a new space between Sobolev spaces W 1,n (W l ) and BMO(R n ), it has been 
studied extensively by many authors. We refer the readers to [10], [29] and [9] for 
further information and details. 

Since the space Qa(R ra ) own a structure similar to BM 0(R"), it can be regarded 
as an analogy of BMO(W l ) in many cases. It is well-known that by the equiva- 
lent characterization of Hardy space H 1 (M. n ), Riesz transforms Rj = dj(— A)~ 1//2 , 
j = 1,2, ...,n are bounded on iJ^R"). Then the duality between ff^R") and 
BMO(R n ) obviously implies the boundedness of Rj = ^(-A)- 1 / 2 on BMO(M"). 
So it is natural to ask if Rj , j = 1,2, ... ,n are bounded on Q^(R"). In Section 2, 
by an equivalent characterization of Q^(R") associated with fractional heat semi- 
group e -i( - -A ) obtained in [18] . we prove that Riesz transforms Rj are bounded 
on the space Q^(M. n ). As far as we know, our result is new even in the case 
Q Q (M"),a e (0,1). 

As an application, we consider the well-posedness and regularity of the quasi- 
geostrophic equation with initial data in Q^' _1 (R™). In recent years, Q-type spaces 
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have been applied to the study of PDE and Harmonic analysis by several au- 
thors. For example, in [29], J. Xiao replaced BM0^ 1 (M. n ) in [15 by a new 
critical space Q~ 1 (]R n ) which is derivatives of Q ai a S (0,1) and got the well- 
posedness of Naiver-Stokes equations with initial data in Q~ 1 (M. n ). When a = 0, 
Q~ 1 (R") = BAI0^ 1 (W l ), his result generalized the well-posedness obtained by 
Koch and Tataru in [15] . 

In [18] . inspiring by [29] and the scaling invariant, we introduced a new Q-type 
space Qg(R") with a > 0, max{i,a} < f3 < 1 such that a + (3 — 1 > and 
considered the generalized Naiver-Stokes equations as follows. 

( d t u+(-A)l 3 u+{u-V)u-V P = 0, 

(1.2) I V-u = 0, 
[ it|t=o = -"o, 

We proved the well-posedness and regularity of the generalized Naiver-Stokes equa- 
tions with initial data in the space Q@' _1 . For 0=1, our spaces Q^' _1 retreat to 
Qa 1 m E3- So our result can be regarded as a generalization of those of [TS] and 

In Section 3, We consider the two-dimensional subcritical quasi-geostrophic dis- 
sipative equation (DQG)p. 

( d t 9 + (-A) ,3 u + (u ■ V)9 = 0, in R 2 x R + ,a > 0; 

(1.3) <^ u = V ± (-A)- 1 / 2 9; 

{ 6(0, x) = , in R 2 . 

where (3 £ the scalar 9 represent the potential temperature, and u is the 

fluid velocity. 

The equations (DQG)p in either inviscid or dissipative form, are special cases 
of the general quasi-geostrophic approximations for the atmosphere and ocean flow 
with small Rossby and Ekman numbers. Therefore, they are important models in 
geophysical fluid dynamics. It was proposed by P. Constantin and A. Majda, etc 
that the equations (DQG)^ can be regarded as low dimensional model equations 
for mathematical study of possible development of singularity in smooth solutions 
of unforced incompressible three dimensional fluid equations. See e.g. [7], [llj . [12j . 
|22j . [2"5] and the references therein. 

Recently, the equations (DQG) p have been intensively studied because of their 
importance in mathematical and geophysical fluid dynamics as mentioned above. 
Some important progress has been made. We refer the readers to [2], [3], 0], [5], 
©, 1, EE], [21], [2H] etc. for details. 

In [20] . F. Marchand and P. G. Lemarie-Rieusset studied the equations (DQG)/3 
and get the well-posedness of the solutions to the equation (DQG)i with the initial 
data in BA10^ 1 (M 2 ). However, because the space BMO _1 (l 2 ) is invariant under 
the scaling: uq,\(x) — Xuq(Xx), we see that for the scaling corresponding to general 
/3 < 1, 

(1.4) 6 x (t, x) = \ 2p - 1 9{\ 2p t, \x), 6 ,\{x) = A 2/3 " 1 6»o(Ax), 

the space BM0^ 1 (M 2 ) is not invariant under this scaling. 

The above observation implies that if we want to generalize the result in [20] 
to general [3 < 1, we should choose a new space X@ which satisfies the following 
two properties. At first, the space X 13 should be invariant under the scaling (|1.4|) . 



in R^ +n ; 
in R^ + "; 
in R n . 
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Secondly, BMO' 1 ^ 2 ) is a "special" case of that is, when f3 = 1, = 
BMO-^M 2 ). 

In [TB], we have proved the space ~ 1 (R 2 ) is exactly such a space. Therefore 
we could apply our approach in [18] to the (DQG)p equation and get the well- 
posedness and regularity of the solution to the (DQG)p equation. 

It should be pointed out that the scope of (3 is refined by the choice of the 
space Q^(R. n ) In the definition of Q^(R"), the parameters {a, (3} should satisfy 
the condition: max{a, ^} < j3 < 1 and a < (3 with a + (3 — 1 > (see 18 J. It is 
easy to see that (3 > \ . 

In [21] , the authors proved the global existence of the solutions of the subcritical 
quasi-geostrophic equations with small size initial data in the Besov norms paces 
I^ " 2 ' 3 ' 00 (R 2 ). However our well-posedness can't be deduced by the existence result 
in [24j . In addition, owing to the structure of the Q@, we can apply the method in 
[TS] to get the regularity of the solutions to the equation (DQG)p. 

Acknowledgements. We would like to thank our supervisor Professor Jie Xiao 
for discussion on this topic and kind encouragement. 

2. RlESZ TRANSFORM ON Q-TYPE SPACES Q^(W l ) 

In this section, we will prove that Riesz transforms are bounded on Q-type spaces 
QP(R n ). At first we recall the definition of Qg(K"). 

Definition 2.1. Let -oo < a and max{a, 1/2} < < 1. Then / e Q^(K") if and 
only if 

S Mi(i)r-^-> 1 1 ^-JS +2 d Xdy < oo 

where the supremum is taken over all cubes I with the edge length 1(1) and the 
edges parallel to the coordinate axes in K n . 

For (3—1 and a > — oo, the above spaces become the Q a (M. n ) which were in- 
troduced in [10] by M. Essen, S. Janson, L. Peng and J. Xiao. In [9], G. Dafni and 
J. Xiao further studied the structure of this space and get an equivalent character- 
ization via the heat semigroup associated with A. It has been proved that when 
a G (0, 1), Q a {R n ) ^ BMO{R n ) and when oo < a < 0, Q a (M. n ) = BMO(R n )(See 
[TU]). Recall the definition of Morrey space £ Pj a(R"): 

(2-1) ||/|U Pi , = sup ((Z(/))- A jf \f(x) fjfdx^j < oo. 

We see that when A = n, £ Pj \(R n ) = BMO(W l ) by John-Nirenberg inequality. It 
is natural to ask if there exists some relation between C p .\(M. n ) and Q a (M. n ). In 
fact, in [29], J. Xiao proved that for a € (0, 1), Q a (R n ) = (-A)~f C 2 ,n-2 a (R n )- 

Following Xiao's idea in [5S], we will prove for our space Q^(R"), a similar 
result holds. At first we proved an equivalent characterization of £2^-27 (R. n ) via 
the semigroup e _t ^ A - ) ' i . Here e _t ^ A ^ denotes the convolution operator defined 
by Fourier transform: 

e-^/(0 = e-*l^/(0. 
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Lemma 2.2. For 7 G (0, 1). Let f be a measurable complex-valued function on K™. 
Then 



f € £2,n- 7 (R n ) sup r 2 ^" f / Ve-*'"^" f(y) 

a:6R",r£(0,oo) JO J\y-x\<r 



tdydt < 00. 



Proof. Taking (V>o)t(z) = tVe~* 2 ' 3 ^ A )' 3 (x, 0) with the Fourier symbol (V>o)t(z)(£) = 
t|£|e~* 2 ' 3 l«l 2 ' 5 . Define a ball B = {y e R" : \y - x\ < r} and f 2B = p^y / 2B /(jc)da; 
is the mean of / on 2B. We split / into / = f\ + fa + fa where f\ = (/ — faB)xiB, 
fa = (/ - faB)x(2By and fa = fas- Because 



J {ip ) t {x)dx = j tVe 



- t2 *^(x,0)dx = 0, 



we have 

tVe -t«(-A)" /(y) = {A)t , = (V , o)t , + (V)())t , /2(y) 

It is easy to see that 

1 2 rfy^ 







!(*>)« *A(v)l 9 ^ < 



iWo) t */i(j/)r 



/ |(^o)**/i(- 
Jo 



2 dt 
1 t 



1/2 



Because (V>o)i = Ve ( obviously we have J(ipo)i(x)dx = 1 and (V>o)i belongs 
to the Schwartz class S, the function 



G{f) 



\(ipo)t*h(y)\j 



dO 1/2 



is a Littlewood-Palcy G-function. So we can get 

1 2 dydt 



f I |(V>o)t*/iO/)| 2 ^ < / |/(2/)-/ 2B | 2 dy 

JO JS r J2B 



* J2B 

< r"- 27 llfll 2 . 



'0 Jb 

<r „n-2j || t \ 

l£ 2 ,n-2 7 (K n )- 

Now we estimate the term associated with fa{y). Because 



<Jo)t*h(y)\ 



< 



< 



f tVe- tW ^\y-z)fa{z)dz 

JR" 

/ \tVe- t20( - A ^(y-z)\\f(z)-fa B \dz 

JR"\2B 

/ 

JR" 



t\f{z)-fa B \ 



where in the last inequality, we have used the following estimate: 



Ve-^-^\x,y) 



1 



< ^ 

~ t^F" (1 + 1 a; - y\) n+1 



RIESZ TRANSFORM ON Q-TYPE SPACE 



Set Bk — B(x,2 h ). For every (i, y) e (0,r) x B(x,r), we have < t < r and 
\x — y\ < r. If z e Bk+i\Bk, that is, \z — x\ > 2 k r, we have \x — y\ < \x — z\/2 and 

t\m-f 2B \ 

l \2B (t+\z-x\)™+^ 



\(ipo)t * hiy)\ 



< 



-dz 



< 



< 



< 



f \f{z)-f 2B \dz 

J2 k + 1 B 

^ (2*r)" +1 V(2 IT M Tr L +1B l/(Z)_/2S|2rf V 

oo 1 r / i r \l/2 



y i 

('2' £ r)™ +1 
fc=i v y 

~ ( 2 *+V)n 



< t 



1/2 oo 



™ I / I f \ s -l £ °" 1 



t(Si + 5 2 ). 



For Si, 


we 


have 






Si 




oo 

*E 

fe=l 


J_( 


' (2 fe+1 r)"~ 27 

v (2 fe + 1 r) n (2 fc + 




< 


OO 

*E 

/c=i 


1 

2 T r r 


_7 H/ll£2,„-2 T (R") 




< 






£2,„-2 7 (K n )- 


For S* 2 , 


we 


have 







1/2 



oo _^ 

5*2 < 2fe~[|/2B - /ib| H h |/ 2 *B - /2'=+ 1 s|]- 

fe=l r 

For V2 < j < k, it is easy to see that 

\f2JB - /23+is| ^ TTT-^T / |/(2) - jWisM^ 
|2 J -D| J 2 JS 

I/O*) - fv+^B^dz 



< 



\Z>B\ 



23 B 



1/2 



< r-T| 



I £2,, 



Then we can get 



00 

^<«E^' ^ 7 H/ll£2,„-2 T ( R ") < ^- 1 -^||/|| £2 , n _ 27(K n ) . 



fe=l 

Therefore we can get 



JB 



< 



< 



2_-2 7 -2i 







lL,„-2 7 (R™) r 27 2 



Jo 



tdt 



< r "- 2 7| 



l^2,n-2 7 (R r '') * 
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For the converse, let S(I) = {(t, x) e M" +i , < t < 1(1), x G 1} if / such that 



/ JS(I) 
I JS(I) 



dydt 



tdydt < oo. 



Denote 



IL^ F(x) = f F(t,y)(1>o)t(x-y) 



dydt 



we will prove that if 

ll^llc T =sup([K/)] 2 ^ n / \F(t 
i \ Js(i) 

then for any cube Jcl" 

^ \U^F(x) (Tl^F)j\ 2 dx < [l{J)] n -^\\F\\ 
We split F into F = F 1 + F 2 = F \ S(2J) +F | K n+i\ S (2j) and get 
JjU^F^x)] 2 dx < JjU^F^x)] 2 dx 



\ 1/2 

2 dydt \ 
y)\ —j~ I < °°, 



2 



< 



/ \F(t,y)t 

JS(2J) 



dydt 



< [/(J)]"-^||F|| 2 C7 . 
Now we estimate the term associated with F 2 . We have 

J^ F x {x)\ 2 dx 



^o)t(x-y)F 2 (t,y)t- 1 dydt 



dx 



< 



\^o)t(x-y)\\F 2 (t,y)\^) dx 



i a i 



\^ ) t (x-y)\\F 2 (t,y)\^) dx. 

J)\S(2 k .J) t I 



Because 



!(*>)*(* - y)\ < tn+l[l + t ^ x _ y][)n+1 - 
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we have 



J |n^, Fi(a;)| 2 dx 



\ 2 

t dydt 



i ^ J S(2 k + 1 J)\S(2 k J) [t + 2 fc /(J)]™+ 1 



< 



is(2HiJ)\ S (2'J) / 

/ fyH{J)]-^H{J)]^(f \F 2 (t,y)\ 2 ^ 



1/21 2 



dx 



k=l 

<imi^[W- 2T - 

Therefore we get 

Jjn^ F{x)-(n^ F)j\ 2 dx < Jjn^ F{x)\ 2 dx 

< [ \n 1h F 1 (x)\ 2 dx + [ \n^ F 2 (x)\ 2 dx 
J. j J. j 

< \\F\\ 2 c J(J)] n - 2 ^ 

Because 

by Calderdn reproducing formula, we have H^ F(x) = f(x), that is, f(x) = 
U^ F(x) G £2.n-2-y0& n )- This completes the proof of Lemma |2~^1 □ 

Theorem 2.3. For a > 0, max{a, |} < /3 < 1 im'i/j a + /3 — 1 > 0, we /law 

Qi(R n ) = (-A)- ifi ^ ±ii ^ 7l _2( a + / 9_i)(M n ). 

Pnoo/. For / G £ 2 , n _ 2(a+/s _i)(R"). Let F(t,y) = t^+HVe^i-^ f(y). By 
Lemma [2~2l we have 

r 2(a+f3-l)-n f f \F{t,y)\ 2 - ^ 



/,, / i tl+2(o-/3+l) 
/ u «/ [y — x| <r " 



-V- ; - " / / l/Ve-^^ffy)! 2 ^ 



| tVe -«-(-A)- /(y) | S 

/0 J\y— x\<r 



^ II,/ ! /:.. 



~2, 7i-2(a + /3-l)(, M 

So F £ T™g where the space T£°g is a tent space defined in [18] (See [18], Defini- 
tion 3.5 for details). By Theorem 3.21 in fTS], n^, is bounded from T£° g to 
Therefore we have 

ll/llQg( R ")-|l n 0o^ll Q g (R ,)<ll^llT^. 

We have 

F{t, = t a -" +2 W- t ^?{i), 
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then 



'^+ 2 |C|e- t2/3 l«l 23 ^|e-^l«l 2 7(0- 



Jo 

Set t 2 @ — s and |£| 2/3 s = u. We can get 
Jo 

= mm 2 Nr^^-^ir 2 ^ 

Jo 

POO 



Because | < (3 < 1 and < a < (3, the integral J °° it ^ 1 e 2u du is a constant. 
We denote it by C at p, so 

By inverse Fourier transform, we have 

IUp F(x) = C^i-A)- 2 ^ 1 f(x). 

Conversely, suppose g S Qg(K n ). Set G(t,y) = t^^-^Ve^ 2 ^-^ g{y). Wc 
have, by the equivalent characterization of Q^{R n ) (see [18] for details). 

1/2 



[Z(I)] 2 < 



a+/3-l)-r 



S(/) 



t l-2M + l) Ve -^(-Ay ff(j/) 



dydt 



W)\ 2(a 



+()-l)-n 



S(I) 



dydt 



1/2 



£l+2(a-/3+l) 



< 



lQg(R»)' 

that is, G(£,y) e C Q+1 g_i. By Lemma[2?2l we have Ii^ Q G(t,y) e £ 2 , n-2(a+/3-i)- 
We have 

7(0 - 5^G(i,0 

Then /(a;) =C a , /3 (-A) 2 ^ ±1 < 7 . Thus, we get Qg(K") = (-A)-^ 11 ^. „_ 2(a+ ^_ 1) 

□ 

Theorem 2.4. Suppose a > 0, max a, | < /3 < 1 wi/i a + /3 — 1 > 0. For 

j = 1, 2, . . . , n, the Riesz transforms R.j = (?.,■(— A) -1 / 2 are bounded on the Q—type 
spaces Qg(R n ). 
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Proof. Notice the equivalent norm of Q^(R"). / e Q^(R") if and only if 
(2.2) sup r 2«-™+2/3-2 f I \Ve- t{ -^ f(y)\ 2 t-idydt< oo. 

a;eR",re(0,oo) Jo ^|y-x|<r 

As a convolution operator, Ricsz transform Rj and V can change the order of 
operation. So we only need to estimate the term 



r 2 «- + 2 ^ 2 f / |^/(i,y)| 2 

JO J\v-xa\<r 



dydt 

fa/fi 

/0 J|y-x |<r 1 



where < a < /3, a + — 1 > and j = 1, 2, . . . , n. We split f(t, y) into 

oo 

f(t,y) = f (t,y) + J2fk(t,y), 
fe=i 

where / (i,y) = /(*, y)XB(x ,2r)(j/) and /fc(*,2/) = f(t,y)XB 
We have 

(2/3 \ I/ 2 



+ r" [ \R,l(t,y)\ — 

oo 

:= M + J2 Mk - 



\ 1/2 

2 dycft \ 



fe=i 

-2 



By the L — boundcdness of Riesz transforms j = 1, 2, . . . , n, we have 



Mo < r 2 «-+ 2 ^ 2 f / | /( t, y )| 2 

\ JO J|-u-a;nl<r 



dydt 

fa/p 

J|y-a;o|<r 



(2/3 \ 1/2 

JO J|j/-a:o|<r * /P / 

Now we estimate M^. We only need to estimate the integration as follows. 



'\y-x \<r 

As a singular integral operator, 



1=1 \R f k (t lV )\ 2 dy. 

J \y-xn\<r 



RAx) -Lv^ 9{y)dy - 
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By Holder's inequality, we can get 
I = 



y— ' o\<r 



< 



< 



< 



2 k r<\z-x Q \<2 k + 
1 

y-x \<r \ (2 fe r) n 
1 



, +lp \y-z\^ jy ' 



dy 



z-x \<2 k + 1 r 



\f(t,z)\dz\ dy 



1 

2^ 



\y—Xo\<r (2 fe r) 

r 

\z-x \<2 k + 1 r 



z-x \<2 k + 1 r 

\f(t,z)\ 2 dz. 



\f(t,z)\ 2 dzdy 



So we have 



M k = \r 



2a-n+2/3-2 



,2j3 

J\y-x \<r 
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1/2 



< 2a-n+2f3-2 



1 



2&n J 



\z-x \<2 k + 1 r 



\f(t,z)\ 



dzdt 



1/2 



< ^2-k(2a-n+2l3-2) \ ^n k r )2q~7t+2/3-2 ^ ^ 



< ^ 2 - fc ( 2a -"+ 2 ' 3 - 2 )^_) 1 /2 sup | r 2a-n+2^-2 
2 fc ™ x £R", r>0 \ 



2-x |<2 fc+1 r 
2(3 



dzdt 

~F7p 



1/2 



J|z— xo|<r 



i dzdt 
t^P 



Therefore we can get 

oo 

Mo + M k 



k=l 



< [i + ]TV fc ( Q 



fe=i 



sup | r 

cc eK", r>0 



2a-n+2/3-2 



,2/3 



\f(t,z)\ 



J|z— £c |<r 



, dzdt 



1/2 



< 



C||/|| 



<2S(R»)- 



This completes the proof of Theorem 12.41 

Similar to the proof of Theorem 12.41 we can prove the following theorem. 
Theorem 2.5. For a singular operator T defined by 

Tf(x)= f K(x-y)f(y)dy 



□ 



where the kernel K(x) satisfies: 

\d2K(x)\ < A 7 \x\- n -^, ( 7 >0) 
or equivalently T/(£) — with the symbol m(£) satisfies: 

9^1 
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holds for all 7. Suppose a > 0, max{a, ^} < j3 < 1 with a + (3 — 1 > 0, we /iaue T 
is bounded on the Q—type spaces Q^(MP). 

3. Well-posedness and regularity of quasi-geostrophic equation 

In this section, we study the well-posedness and regularity of quasi-geostrophic 
equation with initial data in the space Qf(R 2 ). We introduce the definition of 

Definition 3.1. The space X@ (R 2 ) consists of the functions which are locally 
integrable on (0, 00) x M 2 such that 

BUp^-^H/^OIIjjM^ < OO 

and 

r 2l3 



sup r 2 «+ 2 ^ 4 / / |/(*,y)| 2 + |i2i/(*,»)| 2 + |i? a /(t J v)| a S<oo, 



dydt 

GR 2 , r>0 Jo J\y-x \<r 

where Rj, (j — 1, 2) denote the Riesz transforms in K 2 . 
For the quasi-geostrophic dissipative equations 



(3.1) 



f d t e = -{-Af + d 1 {6R 2 9)-d 2 (6R 1 ey, 

\6(p,x) = do(x) 

where [3 S (|, 1). The solution to the equation (|3.ip can be represented as 

u(t, x) = e _ *^ A ^wo + B(u, u) 

where the bilinear form B(u, v) is defined by 

pt 

B{u,v) = / e- (t - s)( ~ A) * (di{vR 2 u) ~ d 2 (vR lU ))ds. 



In order to prove the well-posedness, we need the following preliminary lemmas. 
For their proof, we refer the readers to [18], Lemma 4.8 and Lemma 4.9. 

Lemma 3.2. Given a £ (0, 1). For a fixed T £ (0, 00] and a function /(•, •) on 
R 1 ^, let A{t) = j^e-^-^-^ f{ Sl x)ds. Then 

(3-2) £\\Mt,-)f^<£\\f(t,-)\\h^. 

Lemma 3.3. For (3 £ (1/2, 1) and N{t, x) defined on (0, 1) x MP, let A(N) be the 
quantity 

A(a,f3,N) = sup f ' f |/(M)S- 

xeK",r6(0,l) JO J\y-x\<r 1 ' 

Then for each k £ No := NU {0} there exists a constant b(k) such that the following 
inequality holds: 
(3.3) 



t i(-A)^e-^- A r / N(s,-)ds 



2 



dt „ , f f , , , dxds 



< b(k)A(a,/3,N) / / \N(s,x) 



U2 I 1 ' Jo ./»» 
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Remark 3.4. Similarly when k = 0, we can prove the following inequality: 
(3-4) 

1 (-A)h-^ f*N{a r )da " £L < A(a, P, N) f ( \N(s, x )\^. 

Now we give the main result of this paper. 

Theorem 3.5. (Well-posedness) 

(i) The subcritical quasi- geostrophic equation H3.1\) has a unique small global 
mild solution in (X^(R 2 )) 2 for all initial data 9q with V ■ 9 = and ||uo||g/3,-i 
being small. 

(ii) For any T € (0, oo), there is an e > such that the quasi- geostrophic equation 
i3.1\) has a unique small mild solution in (X@(R 2 )) 2 on (0,T) x K 2 when the initial 
data uq satisfies V • Uq — and ||uo||^gis>-i)2 < £• In particular, for all uq G 

(VQa'" 1 ) 2 with V-Uo = 0, there exists a unique small local mild solution in (X^ T ) 2 
on (0,T) x K 2 . 

Proof. By the Picard contraction principle we only need to prove the bilinear form 
B(u, v) is bounded on X@. We split the proof into two parts. 

Part I: ^^(R 2 )— boundedness. The proof of this part has been given in 20J . 
For completeness, we give the details. We have 



\\B(u,v) 1 1 £0.i 
< 



\\e-^-^\d 1 {gR 2 f)-d 2 {gR 1 f))\\^ (V] d S 
t q 



ds 



Because when | < [3 < 1, 



/ 1 ; M t fe<t^- 1 



and 



t/2 (t - s) 2 ' 3 S 1 + (1 ^ Jt/2(t—s) 2 P 



Then we can get 

t 1 -*||B(«,«)IUo,i (Ra) < HjrglMljtf 



RIESZ TRANSFORM ON Q-TYPE SPACE 
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where in the above estimates we have used for / G B°^-(M. 2 ), \\Rjf\\B ' 1 (R^) ^ 
II/II_b 01 (b 2 )- ^ ac ^ ^ Bernstein's inequality, we have 

I / 

< x; 2, ll(- A )" 1/aA «/IU-(» a ) 

< ^2 / 2^||A ; /|| L » (R2) 
^ ll/llsSi 1 ^)- 

On the other hand, by Young's inequality, wc have 

t 1 -^ || e -*<- A )"«o || b^cr") - IK || Bi-v- (r=) ^ Nllgg-- 1 ^)- 

fart 77: L 2 (R 2 )-boundedness. Now we estimate the operation of B(u,v) on the 
Carleson part of X@. We split again the estimate into two steps. 
Step I: We want to prove the following estimate: 

2/3 

dydt 



r 2 - 2 ^- 2 / / \B(u,v)\^<\\u\\ x Av\\ x ,. 



10 •/ \x — y\ <r 

By symmetry, we only need to deal with the term 



t 

e 



{t - sK - A)0 [di(vRiu)]ds = B 1 {u,v) + B 2 (u,v) + B 3 (u,v) 



where 



Jo 

Ba(«,«) = (-A)- 1 / 2 ^ f\-^- s ^- A y\-A)((-A)^ 2 (I - e~ s ^ A ^)(l r , x )vR lU )ds 
Jo 



and 



B 3 (tt,w) = (-A)- 1 / 2 9 1 (-A) 1 / 2 e^ t (- A )" [ (l r , x )vR lU ds. 

Jo 



For Si. Because the n dimensional fractional heat kernel satisfies the following 
estimate: 

(3.5) iVe-^W)! < 4r- ~ ' 



< 

n+l 



t-*-(l+g^)^ (^ + | x -y|)n+l 

we have, for < t < r 2/3 and taking n — 2 in (|3.5|) . 

|Si(u,w)(t,a:)| 



< f / l^(^)IK^)l^ s 

JO J|z-x|>10r F — z \ 

<{f" I \j^jf i= S 2 lf''j m^Y /2 

\J0 J\z-x\>Wr \X — Z\ I Wq J| z -x|>10r \ x ~ z \ ) 



:= h x I 2 . 
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For Ji , we have 



11 ~ f9fc r 



Vfc=3 



(2 fe r) 3 7 7| 2; _ z |<2'=+ir 



\ 1/2 

|i?iti(s, x)| 2 ds<fx 



20+2/3-2^2*^2-2/3 



r / \rms,x)\^ 

JO J\x-z\<2 k + 1 r 



dsdx 



1/2 



22, (2 k r) 2 ~ 2/3 



l l 



Vfc=3 



1/2 



J\x-z\<2 k + 1 r 



|i?iw(s, x)| 2 (isdx 



i 



< 



2fe(2/3-l) r 2/3- 

fe=3 
1/2 



-) V2 



,2/3-1 



1 

Similarly we can get I2 < ( r 2g-i ) IM!x" an d therefore we have 



Then we can get, using < a < (3, 

r 2/3 



/ / 

JO J\o 



D / u2 d V dt <- 



|s— !/|<r 



ja//3 



1 



< 



r 4/3-2 
1 

r 4/3-2 



,20 



dt 



That is to say 



2a-2+2,3-2 



.2/3 



< r 2-2«-2, + 2 ||u|| ^ ||v|| ^_ 



|Bi(«,«)(t,y)| 2 ^<||«||^||t;||^. 



fa /f3 



1 */ |x— y I <r 

For i?2- By the L 2 — boundedncss of Riesz transform, we have 

r 2/3 _ 

|-B 2 (w, w) 



2 dydt 



< 



< 



J\x-y\<r 

' -(t-a)(-A)<»/_ 



t a/f3 







(-A)((-A)- 1 / 2 (7 - e-^- A ^)(l v )vR lU )ds 







dt 



(-Afd-A) 1 / 2 -^! - e- g (- A y )(l r , x )vR lU )ds 



2 dydt 

(t,y)\ 



f II/' 

Jo Jo 

< / t 2 ^ / |i?i U (t,y)| 2 |« 

JO J\y-x\<r 

< ^supt 1_ ^||i?iu(i, •)||l~( R 2)^ ^supi 1_ ^||i;(i,-)||L~(R2)^ 

2/3 

x f f \R lU (t,y)\\v(t,y)\- 

Jo J\y-x\<r 



L' 2 



dt 



dtdy 
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On one hand, by Bernstein's inequality, we have 

||-Riu(i,-)||L°o( K 2) < \\Riu(t,-) ||sO,i (M 2) < \\u(t, •)IIb^ 1 (r2 ) - 

Then we get 

supt 1_ w||iJiu(t,-)||L<»(R») £ sup^-^imt.OHsO.i^. 
On the other hand, we have, by Holder's inequality, 



,2/3 



J\x — y\<r 

2/3 



\R lU (t,y)\\v(t,y) 



< 



J\y—x\<r 



\Riu(t,y)\ 



2 dtdy 



dtdy 

V2 / *f> 



J\y—x\<r 



Ht,y)\ 



2 ^i^y 



1/2 



< r 2- 2 a- 2/3+ 2 ||u|| 2 ||w|| a _ 



Hence we get 



^ I \B 2 (u,v)(t,y)\ 2 ^ < 

JO J\x-y\<r t " 



T^-^\\uf x MW 



For Bs(u,v). We have 



\y-x\<r 



II 

Jo J\i 

f's 

JO J\y-x 



\B 3 (u,v)(t,y)\^ 



\y—x\<r 



(-A)- 1 /2 ai( _ A) l/2 e -t(-A) 

< jf (-A)V2 e -*(-^ [j\i rtX ) vRlud h 

< r 2 - 2 «+ 6 ^ 2 QT 1 ||M(r 2 ^, r .)|U 1(R 2)^) £?(«,/?,/) 



(l r , x )vRiudh 



dydt 



dt 

¥7p 



< 2-2a+6/3-2 2-4/3 2-4/3 1 

' ' I 

< r 2 - 2 ^ 2 ||n|| x5 ||,|| xg . 

5<ep JJ; For j = 1, 2, i?j arc the Ricsz transforms <9j(— A) -1 / 2 . We want to prove: 

(3 6) r 2a-2+2/3-2 /" /" |fl ^ (tt> ^,2^ < ||f||| ||f;|| 

Similar to Step I, we can split B(u,v) into Bi(u,v), (i = 1,2,3). We denote by 
A-i -,i — 1,2,3 

\R jBi (u,v)\ 2 ^<\\u\\ x ,\\v 



(3.7) A, := ^-2+2/3-2 

'0 J a:— y\<r 

In order to estimate the term A\ , we need the following lemma. 

Lemma 3.6. For (3 > 7 if we denote by Kj the kernel of the operator e~ 4< ^ A ) Rj, 
we have 

(1 + \x\) n+ ^d a e- t< ^- A ^R j e L°°(IR 2 ). 
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Proof. By Fourier transform, we have = T 1 (j^ e ) where T 1 denotes 
the inverse Fourier transform. Because 



we have 



\d a Kf(x)\ < 



lei 



d£ < c. 



Then d a K^(x) £ L°° . If \x\ < 1, we have 

(l + |ar|r+H|^( x )|<C Q |^(a:)|<C. 
If | a; | > 1, by Littlewood-Paley decomposition and write 

K$(x) = (Id - S )Kf + A '<, 

i<0 

where (Id-S Q )K r - € 5(M 2 ) and A/iff = 2 2/ lj j - ,(2 z x) where = V>(£)fr e^ 2 ' 512 " € 

L 1 (R 2 ). Then o7 Ji ;(a;)(; < o) are a bounded set in 6>(R 2 ). So we have 
(1 + 2Vl) JV 2 / ( 2+ M)|d a A / xf ( x )| < Cjv 

and 

< C ^ 2 / ( 2 +l Q D+ 2 / ( 2 +l Q l- Ar )| 5 

2 ! |a;|<l 2 ! |a;|>l 

Therefore we have completed the proof of Lemma [ 



-N 



a 

Now we complete the proof of Theorem 13.51 In Lemma 13.61 we take a — 1 and 



get 



d x Rje 



-t(-A)* 3 



< 



1 



Similar to the proof in Part I, we can get 

A .— r 2a-2+2/3-2 



(i 5 ? + \x- y\) n+1 
dydt 



JO J\x-v\<r 1 



\\ u \\x?W v \\x? 



l\x-y\<r 

In the proof of Theorem 12. A\ we in fact prove the following estimate: for j = 1, 2, 

,-r 2 " 

2a-2+2/3-2 



< 



sup r 



J\y-x \<r 
2a-2+2/3-2 



r>0,io£K" 

By the above estimate, we have 

^. ._ r 2Q-2+2/?-2 
< r 2a-2+2/3-2 



J|y-a: |<r 



\f(t,y)i 



JO J\x-v\<r 1 



J\x—y\<r 



l\x-y\<r 

\Bi(u,v)\ 



dydt 
dydt 

7p 



2 dydt 

HP 
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where i = 2, 3. Following the estimate to Bi, i = 2, 3, we can get 



f I \R 3 B % {u,v)\^<\\u\\ xfl \\v\\ xi 

JO J\x-y\<r 1 



This completes the proof of Theorem [ 

□ 

Following the method applied in Section 5 of [TH] , we can easily get the regularity 
of the solution to the quasi-geostrophic equation (|1.3p . So we only state the result 
and leave the proof to the readers. For convenience of the study, we introduce a 
class of spaces X@ ,k as follows. 

Definition 3.7. For a nonnegative integer k and (3 G (1/2,1], we introduce the 
space X@' k which is equipped with the following norm: 

\\u\\ X 0, k = IMIjv!,*, + IMU^.* 

where 

IMIiV^ = SU P su P iM ^ll< 9 " 1 1 ■■■d^u{;t)\\gO,i {Rn) , 

Ql H \-a n —k t 

IMU> = sup sup ( r 2 — + 2 ^ 2 f ' [ \ t ^ dTi ... d ^u{t,y)\^\' 

Q,c QiH \-a n =kx ,r \ Jo J\y-x \<r 1 ' I 

E sup sup ( r 2 — + 2 ^ 2 f ' / \R*t+aZ..-B2v(t,v)\ a %£ 



Now we state the regularity result. 

Theorem 3.8. Let a > and max{a, 1/2} < (3 < 1 wii/i a + /3 — 1 > 0. TTiere 
exists an e — e(2) smc/i i/iai «/ ||tto||g(3,-i/ R3 ) < iAe solution u to equations il.3\) 
verifies: 

t^V k u G X%' for any k > 0. 
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